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Abstract For any positive integer n, the Smarandache power function SP(n) is defined as the 
smallest positive integer m such that n|m™, where m and n have the same prime divisors. The 
main purpose of this paper is to study the distribution properties of the k —th power of SP(n) 
by analytic methods, obtain three asymptotic formulas of > (SP(n))", > y((SP(n))*) and 


n<ux n<ax 
y> d(SP(n))* (k > 1), and supplement the relate conclusions in some references. 


n<ax 


Keywords Smarandache power function, the k — th power, mean value, asymptotic formula. 


§1. Introduction and results 


For any positive integer n, we define the Smarandache power function SP(n) as the smallest 


positive integer m such that n|m™, where n and m have the same prime divisors. That is, 
SP(n) = min fm :njm™,m ENT, I[» — I>}. 
p|m pin 


If n runs through all natural numbers, then we can get the Smarandache power function se- 
quence SP(n): 1,2, 3, 2,5, 6,7, 4,3, 10, 11,6, 13, 14, 15,4,17,6,19,10,--- , Letn = pj" p5? --- pt, 


denotes the factorization of n into prime powers. If a; < p;, for all a; (i = 1,2,---,r), then 
we have SP(n) = U(n), where U(n) = [] p, [] denotes the product over all different prime 
pln pin 


divisors of n. It is clear that SP(n) is not a multiplicative function. 

In reference [1], Professor F. Smarandache asked us to study the properties of the sequence 
SP(n). He has done the preliminary research about this question literature [2] — [4], has 
obtained some important conclusions. And literature [2] has studied an average value, obtained 
the asymptotic formula: 


S> SP(n) = 5] (1 = a) o(e#), 


n<ux 
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Literature [3] has studied the infinite sequence astringency, has given the identical equation: 


2° +1 


k=1,2 
s_] ? ‘ert 
3 (—1)2™) \ 28 Dee) 2°] a 
£4 (EP(n*)) oan )6(s) Pil : Bed a, 
= = k=4,5 


(—1es) 4 1 98? 


And literature [4] has studied the equation S$P(n*) = $(n), k = 1, 2,3 solubility (¢(n) is the 
Euler function), and has given all positive integer solution. Namely the equation SP(n) = $(n) 
only has 4 positive integer solutions n = 1,4,8,18; Equation SP(n?) = ¢(n) to have and 
only has 3 positive integer solutions n = 1,16,18. In this paper, we shall use the analysis 
method to study the distribution properties of the k — th power of SP(n), gave ue (SP(n))*, 


n<ux 


> v((SP(n))*) and S> d(SP(n))* (k > 1), some interesting asymptotic formula, has pro- 
n<au n<a 
moted the literature [2] conclusion. 


Specifically as follows: 
Theorem 1.1. For any random real number x > 3 and given real number & (k > 0), w 


have the asymptotic formula: 


k 1) 1 doe 
YisPiny= GE “TT ae) tole) 


n k spl 
aa ye — PT; Soe) tout), 


where ¢(k) is the Riemann zeta-function, ¢ denotes any fixed positive number, and [| denotes 
P 
the product over all primes. 


Corollary 1.1. For any random real number x > 3 and given real number k’ > 0 we have 


the asymptotic formula: 


Sr(SP(n n= eae? ( a ,) +0(e%), 


n<x 1+ p)p® 


Specifically, we have 


4¢(3 1 
YsPmy! = “Pt T] (1- 7) +0"); 
n<u ws p (1 Zs p)p? 
OCA) 2 1 5 
(SP(n))? = > Fe? TT (1- + O(at*) 
x ane aps 
Corollary 1.2. For any random real number x > 3, and k = 1,2,3. We have the asymp- 


totic formula: 


1 2 1 3+ey), 
S > (SP(n)) = xt II (.- ava) + O(a?*); 


tr Ky! = OT, sep) Oe 


n<ux 
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y_(SP(n))? = id =o" (-; aaa) + O(a#*®). 


n<u 


Theorem 1.2. For any random real number x > 3, we have the asymptotic formula: 
¢(k +1) 1 

Y HsPO") = gene TO Hocehtt, 

n<ux 


where y(n) is the Euler function 
Theorem 1.3. For any random real number x > 3, we have the asymptotic formula: 


S- d((SP(n))*) = Bor In* x + Byxzln*' 2+ Borln*-?274+---+By_jzlnz+ Bart O(x?t®). 
n<u 


where d(n) is the Dirichlet divisor function and Bo, Bi, Bo,--- , Be-1, Be is computable con- 


stant. 


§2. Lemmas and proofs 


Suppose s = o + it and let n = p{'p5?---pe*,U(n) = [[ p. Before the proofs of the 
pin 
theorem, the following Lemmas will be useful. 


Lemma 2.1. For any random real number x > 3 and given real number k > 1 , we have 


the asymptotic formula: 
eee). s htt ktdte 
Leo = ay WG cape) + Ocettt*), 


Proof. Let Dirichlet’s series 


= (Un 
ays 


n=1 


for any real number s > 1, it is clear that A(s) is absolutely convergent. Because U(n) is the 
multiplicative function, if ¢ > k + 1, so from the Euler’s product formula |! we have 


A(s) 


| 


C(s)C(s— 8) 1 
((2s — 2k) i me): 


where ¢(s) is the Riemann zeta-function. Letting R(k) = [] (: - mas): Ifo >k+ 


I 


1, Vin <n, | CON") < ¢(o - k). 
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Therefore by Perron’s formula [5! with a(n) = (U(n))*, so = 0, b= k+ 5 T= kts, 
H(x) =x, B(c) = ¢(o — k), then we have 


o 1 k+34iT ¢(s)C(s — k) x 7 
S > (U(n))* an “ae (22-20) h(s) : ds + O(a*t2+*), 


_ 1 
To estimate the main term 


a, k+34iT ¢(s)¢(s — k), xe ’ 
271 k+i-iT ¢(2s = 2k) Ss 


we move the integral line from s = k + 24iT tok+4+iT, then the function 
g 2 


C(s)¢(s— hk), a* 
C(2s— 2m) *) 


have a first-order pole point at s = k +1 with residue 


¢(s)¢(s — k) 
ia) = Bes (GRE ys)) 


C(s)¢(s—k) a" 
nat ((s ) ¢(2s — 2k) me) 8 
CK+1) cyt 
= A(R). 
eH)? 
Taking T = x**+2, we can easily get the estimate 
1 k+34iT k+34iT = I s 2k+1 
55 / ; + : SOC oe ds| < —— = a2, 
ani kt 34iT k+4-iT ¢(2s — 2k) 8 LT 
1 ptt? C(s)¢(s—k), 2" 
aes h k+ 5te 
Oni i or ea | 
We may immediately obtain the asymptotic formula 
k+1) 
yy Ua)r= ras ras gktt II (1-7 aa) fs O(x ea 


n<ux 
this completes the proof of the Lemma 2.1. 
Lemma 2.2. For any random real number x > 3 and given real number k > 1, and 
positive integer a, then we have 


S- (ap)* < In2k+2 x 


p% <x 
a>p 


Proof. Because a > p, so p? < p* < a, then 


In Ina 
p<—~<Ing, a<—, 
Inp Inp’ 
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k+1 


also, nk = 
2 kel 


a (ap)* = ye » ok <n’ a 2 in rT, <n" e is p*. 


ac 1 
Pe p<ina a< ne p<Ina p<ina 


+ O(a*). Thus, 


Considering m(x) = >> 1, by virtue of [5], 7(x) = 7 


p<a Ina 


O (=-) . we can get from the Able 
In* x 


bes = a(z)a* — ef ata aie 


pSu 


Therefore 


In’ x : sae ne ge Ink x ; 
‘s — 1 sia ef = —dt | ——dt] = ] yas . 
y a a ld x) : pdt +O ; mae pag x) 


S7 (ap) = So pt SO ok Kine > os .< Int Soph < m?*+? x, 


p% <a p<inag a< 2 pene p<inaz 
a>p np 


This completes the proof of the Lemma 2.2. 


§3. Proof of the theorem 


In this section, we shall complete the proof of the theorem. 
Proof of Theorem 1.1. Let A = {n|n = = pT a 4p, 30k S Piyyt = 1,2,°* sh When 
né€A:SP(n) = U(n); When n € N* : SP(n) > U(n), thus 


do (SP(m))* — SFU (n))F = SF [(sP())*- Um] « SP (SP(n))F. 


n<ax n<ux n<ux n<a 
aa = — SP(n)>U(n) 


By the [2] known, there is integer a and prime numbers p, so SP(n) < ap, then we can get 


according to Lemma 2.2 


S, (SP(n))* < S- (ap)* < S- S- < oln?*t? 


n<@ nS@ n<a pr<« 
SP(n)>U(n) SP(n)>U(n) —" “a>p 


Therefore 
S > (SP(n))* — $7 (U(n))* «K oln**? x 
n<a na 

From the Lemma 2.1 we have 


DCE) = aol a - aes ra O(ak+3+®) i O(a In2*+1 x) 
= aol I] a ! + O(attht), 
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This proves Theorem 1.1. 
Proof of Corollary. According to Theorem 1.1, taking k = ua the Corollary 1.1 can be 


2 4 
obtained. Take k = 1,2,3, and ¢(2) = =.6(4) = - we can achieve Corollary 1.2. Obviously 
so is theorem FI, 

Using the similar method to complete the proofs of Theorem 1.2 and Theorem 1.3. 
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